Abstract In this paper we study bielliptic curves of genus 3 defined over an algebraically closed field k and the intersection of the moduli space M b 3 of such curves with the hyperelliptic moduli H 3 . Such intersection S is an irreducible, 3-dimensional, rational algebraic variety. We determine the equation of this space in terms of the Gl(2, k)-invariants of binary octavics as defined in Shaska (Commun Algebra, to appear) and find a birational parametrization of S . We also compute all possible subloci of curves for all possible automorphism group G. Moreover, for every rational moduli point p ∈ S , such that |Aut (p)| > 4, we give explicitly a rational model of the corresponding curve over its field of moduli in terms of the Gl(2, k)-invariants.
Understanding the stratification of this space has been also a major problem with many papers written on the subject to this day. There are two main difficulties on this problem:
(i) an explicit description of M g is not known (i.e., a coordinate in M g ), (ii) a list of automorphism groups for a fixed g ≥ 2 has not been known.
Naturally one has a better chance to address the above problem if focused on the hyperelliptic sublocus H g of M g , since it is easier to pick a coordinate on the space H g . After all, the hyperelliptic curves were well understood since the XIX-century and restricting the problem to the hyperelliptic locus seems reasonable. It was well known to classical algebraic geometers of the XIX-century that the isomorphism classes of hyperelliptic curves defined over an algebraically closed field k correspond to the orbits of the G L 2 (k) action on the space of binary forms of degree 2g + 2 with coefficients from k. This was, among others, one of the main motivations of the invariant theory during the XIX-century. For the generalization to the case of superelliptic curves one can check [28] .
The case of genus 2 had been studied extensively by XIX-century mathematicians; see [7, 8] even though the concept of the moduli space was not quite refined at the time. About a decade ago Gaudry/Schost in [14] attacked the problem for g = 2 from the computational point of view. After all, a coordinate in M 2 could be fixed using the Igusa invariants and the list of automorphism groups of genus 2 was known; see [15] among others. At the same time that [14] was being circulated as a preprint, Shaska/Völklein [40] considered the problem from a more group-theoretical point of view. Of course, the main case in both those papers was the case when the genus 2 curves had an elliptic involution. The locus L 2 of such curves is a 2-dimensional irreducible variety in M 2 computed in both papers. In the process, a group action was discovered in [40] and its u, v invariants were instrumental in computing equations for the strata of M 2 . The map
provides a birational parametrization of the space L 2 , where i 1 , i 2 , i 3 are G L 2 (k)-invariants in the space of binary sextics. The singular locus of this map corresponds to genus 2 curves with larger automorphism group; see [40, Lemma 3] . The paper [40] spurred interest in two directions. First, it naturally brought to the attention of the authors the problem of automorphism groups of curves of genus g ≥ 2. This corresponds to the (ii) part of the problem stated in the beginning. Second, it naturally raised the question whether the invariants u, v for g = 2 could be generalized to higher genus. In the next two paragraphs we consider each direction in more details. Determining the list of automorphism groups of algebraic curves of genus g ≥ 2 is a classical problem. There were hundreds of papers in the subject before 2001, most of them considering specific cases for small genus. However, there was one interesting development at the time that it seems as it did not get the attention it deserved. Breuer computed all signatures of the groups acting on compact Riemann surfaces for genus g ≤ 48; see [6] . The restriction g ≤ 48 is merely technical and Breuer's algorithm works for any genus, providing that some careful analysis is required for sporadic cases. Using results in [6] and the theory of Hurwitz spaces, Magaard, Shpectorov, Shaska, Völklein determined an algorithm to determine the list of full automorphism groups of curves for any given genus g ≥ 2; see [22] . In [22] a complete list of full automorphism groups for curves of genus 3 was determined and the corresponding equations were provided as a way to illustrate the methods described in that paper. There were tens of papers on the case of genus g = 3 before [22] appeared. Moreover, by methods in [22] the list of full automorphism groups of curves for any genus g ≥ 2 can be determined. This settles the second part (ii) of the initial problem. For automorphism groups of curves defined over the field of characteristic p > 0 see [25, 26] .
The second direction that was spurred by Shaska and Völklein [40] was the problem of generalizing the map given in Eq. (1) to higher genus. Natural questions to follow would be whether the curves with larger automorphism groups would be in the singular locus of φ. The group action discovered in [40] was generalized in [36] and then in a more formal paper in [17] were such invariants in higher genus were called dihedral invariants. For a genus g ≥ 2 now we have a map
where t 1 , . . . , t 2g−1 are G L 2 (k)-invariants in the space of binary forms of degree 2g + 2. In papers [16, 33] , and [17] the case of stratification of the hyperelliptic moduli H 3 was treated to illustrate the general theory. Dihedral invariants have been used quite extensively since by many authors. They were generalized for fields of positive characteristic by Antoniadis and Kontogeorgis [2] and are defined again in the projective version in [20] , where they are renamed as dihedral arithmetic invariants. This paper takes another look at the study of genus 3 hyperelliptic curves with extra automorphisms. The general strategy for g = 3 was quite obvious a decade ago; one computes the Shioda invariants defined in [41] starting from the Table 1 of [22] and then eliminating the parameters which appear as coefficients of the curve. Such computations were simplified considerable via the dihedral invariants s 2 , s 3 , s 4 . There was an obvious drawback compared to the genus g = 2 case; the G L 2 (k)-invariants for g = 3 were not known. Hence, the obvious strategy was to describe the strata in terms of the SL 2 (k)-invariants defined by Shioda in [41] . This approach is taken in [19] . It is not clear from [19] if the dihedral invariants were used in these computations or they were performed straight from the equations of the curves as in Table 3 in [22] . In any case, Shioda invariants J 2 , . . . , J 10 are computed in [19] and using syzygies determined in [41, Theorem 5] the authors determine each loci in H 3 . In [37] it was shown that the syzygies determined by Shioda in [41, Theorem 5] are not correct. It is unclear if the authors in [19] have corrected such syzygies, otherwise all the results of [19] could be incorrect.
The motivation for this paper was the definition of G L 2 (k)-invariants in [37] where an explicit equation of the hyperelliptic moduli H 3 is given in the ambient space C 6 . Using the absolute invariants t 1 , . . . , t 6 as in [37] and the dihedral invariants s 2 , s 3 , s 4 one can easily compute the locus in H 3 for each case of Table 3 of [22] . The drawback of invariants t 1 , . . . , t 6 is that they are not defined everywhere. However, this is done by choice so that their degrees are kept small. This makes computations a lot easier. One can get projective equations (i.e., equations in terms of J 2 , . . . , J 8 ) from our equations simply by replacing t 1 , . . . , t 6 with their definitions and clearing denominators.
The paper is organized as follows. In Sect. 2 we give a brief description of the invariants of the binary octavics and definitions of absolute invariants. Notice that our definitions of J 2 , . . . , J 8 are slightly different from those of Shioda. In Sect. 3 we discuss genus 3 hyperelliptic curves with an elliptic involution and derive a parametric equation for such family of curves. This is rather known material that has been treated in [17, 36] .
Section 4 is the main section of the paper where the equation for the locus of curves with an elliptic involution is studied. The main theorem here describes the equation of the irreducible subvariety S in the hyperelliptic moduli H 3 . We show that for a generic curve C in S the field of definition is at most a degree 2 extension of the field of moduli. This is an improvement from [19] where it is shown that this bound is eight. For example, for the case when the group is V 4 , we get a model for the parametric curve defined over a quadratic extension of the field of moduli versus a degree 8 extension in [19] .
In Sect. 5, we determine the equation of all 1 and 2-dimensional loci for any fixed automorphism group G. Parametrization of such loci were also given in [16] . Here we compute them in terms of the absolute invariants t 1 , . . . , t 6 .
The goal of this paper was to describe the stratification of the space H 3 in terms of the absolute invariants t 1 , . . . , t 6 . The benefit of this approach is that there are fewer equations and even simpler ones. The results in [37] make it possible that we do not have to use the invariants J 9 , J 10 and have fewer equations in each case. We get better results compared to [19] in the case of the group V 4 and Z 3 2 on the minimal equation of the curves over their field of moduli.
In the case of group Z 3 2 we prove that the field of moduli is a field of definition and give a model of the curve over its field of definition. Some of these results were not new to us, since they were proved in [17] . However, in this paper we are able to explicitly describe such results in terms of the absolute invariants t 1 , . . . , t 6 .
Notation Throughout this paper, by a "curve" we mean an irreducible algebraic curve defined over an algebraically closed field k. While we use invariants J 2 , . . . , J 8 of binary octavics as Shioda [41] , the reader must be aware that our definitions are not the same as those in Shioda's paper, instead we use the definitions as in [37] . We also use the dihedral invariants s 2 , s 3 , s 4 which are the same as those used in [16] u, v, w, where s 4 = u, s 3 = v, s 2 = w. The Klein four group is denoted by V 4 .
Bielliptic genus 3 curves
Let k be an algebraically closed field of characteristic zero and X an irreducible, smooth, projective curve of genus g ≥ 3 defined over k. As usual, we denote by M g the coarse moduli space of smooth curves of genus g ≥ 2 and by H g the hyperelliptic locus in M g . The isomorphism class of C, i.e. the corresponding point in M g , is denoted by [C] .
A curve C is called bielliptic if it admits a degree 2 morphism π : C → E onto an elliptic curve. Let
3 is the unique component of maximal dimension of the singular locus Sing(M 3 ); see [9, 10] for details. It is known that
see [3, Theorem 1.1] for details. In this paper we aim to find an algebraic equation for the space S := M b 3 ∩ H 3 . An algebraic equation for M b 3 using invariants of ternary quartics and a theorem of Kovalevskaya is intended in [12] .
Let α be the element in Aut (C) which interchanges the sheets of π : C → E such that E ∼ = C/ α . We call α the elliptic involution of C corresponding to π . Hence, the space S = M b 3 ∩ H 3 is exactly the space of genus 3 hyperelliptic curves with elliptic involutions. Such space has been studied before from the point of view of automorphism groups, as described in details in the introduction.
For a fixed group G acting on a genus g algebraic curves X g we have a covering
All possible ramification structures of such covering for any genus g hyperelliptic curves were determined in [31] . Indeed, this is also done for all superelliptic curves; see [5] for details. In the case of hyperelliptic curves of genus 3, each group occurs only with one signature; see [22] . Hence, there is no confusion if we denote by S (G) the locus in H 3 of all curves with automorphism group isomorphic to G (i.e., G → Aut (X g )). The loci S (G) is not a priori irreducible. In general, irreducibility is checked by the braid action on Nielsen tuples. The locus S (G) is a Hurwitz space of covers with monodromy group G and fixed ramification structure. However, under our assumptions (g = 3 and hyperelliptic) this is always the case as shown in [31] and we will avoid that discussion here.
Genus hyperelliptic fields with elliptic involutions
Let K be a genus 3 hyperelliptic field. Then K has exactly one genus 0 subfield of degree 2, call it k(X ). It is the fixed field of the hyperelliptic involution ω 0 in Aut (K ).
The latter is called the reduced automorphism group of K .
If ω 1 is a non-hyperelliptic involution in G then ω 2 := ω 0 ω 1 is another one. So the non-hyperelliptic involutions come naturally in (unordered) pairs ω 1 , ω 2 . These pairs correspond bijectively to the Klein 4-groups in G. Indeed, each Klein 4-group in G contains ω 0 .
Definition 1 We will consider pairs (K , ε) with K a genus 3 hyperelliptic field and ε an non-hyperelliptic involution inḠ. Two such pairs (K , ε) and (K , ε ) are called isomorphic if there is a k-isomorphism α : K → K with ε = αεα −1 .
Let ε be a non-hyperelliptic involution inḠ. We can choose the generator X of
for some α i ∈ k, i = 1, . . . , 4. Denote by
Then, we have
are the two subfields corresponding to ε of genus 1 and 2 respectively. Preserving the condition ε(X ) = −X we can further modify X such that s 4 = 1. Then, we have the following:
Lemma 1 Every genus 3 hyperelliptic curve X , defined over a field k, which has a non-hyperelliptic involution has equation
for some a, b, c ∈ k 3 , where the polynomial on the right has non-zero discriminant.
Indeed, the non-hyperelliptic involution above is an elliptic involution and X is bielliptic. There is another non-hyperelliptic involution of X , as noted above, namely ω 2 := ω 0 ω 1 which fixes a genus 2 field. See [38] for the equation of this genus 2 subfield and the arithmetic of such curves. hence, we have the following result; see [3] or [38] for details.
Proposition 1 [C] ∈ S if and only if C is a double covering of a genus 2 curve.
The above conditions determine X up to coordinate change by the group τ 1 , τ 2 where
and ζ 8 is a primitive 8th root of unity in k. Hence,
and
Then, |τ 1 | = 4 and |τ 2 | = 2. The group generated by τ 1 and τ 2 is the dihedral group of order 8. Invariants of this action are
since
Since they are symmetric in a and c, then they are obviously invariant under τ 2 .
Notice that s 2 , s 3 , s 4 are homogenous polynomials of degree 2, 3, and 4 respectively. The subscript i represents the degree of the polynomial s i . Since the above transformations are automorphisms of the projective line P 1 (k) then the SL 2 (k) invariants must be expressed in terms of s 4 , s 3 , and s 2 . In these parameters, the discriminant of the octavic polynomial on the right hand side of Eq. (4) 
The map
is a branched Galois covering with group D 4 of the set
by the corresponding open subset of a, b, c-space. It is true that if a, b, c and a , b , c have the same s 2 , s 3 , s 4 -invariants then they are conjugate under τ 1 , τ 2 . The case when s 3 = 0 must be treated separately. We have two sub cases a 2 +c 2 = 0 or b = 0. Then we define new invariants as follows:
The invariants s 2 , s 3 , s 4 , . . . are valid for any genus g ≥ 2 and are called by many authors dihedral invariants. They were discovered by the second author in his PhD thesis and appeared for the first time in the literature in Shaska/Völklein [40] . Then, they appeared for genus g = 3 in [16, 33] and were generalized for every genus in [17] . They were generalized to all cyclic curves by Antoniadis/Kontogiorgis [2] . In [20] 
where D = −20s 1 − 10s 2 3 + 2s 3 3 + 4s 3 s 1 − 3s 2 2 . (iii) This is a straight consequence of the first two parts. The cases when |Aut (K )| > 4 are treated in Theorem 4.
The locus S of genus 3 hyperelliptic curves with elliptic involutions
In this section, first we briefly define the invariants of binary octavics. We will use interchangeably the terms genus 3 hyperelliptic curve and genus 3 hyperelliptic field.
There is a one-to-one equivalence between the isomorphic classes of genus 3 hyperelliptic curves and projective classes of equivalence of binary octavics. Thus, we have to describe some basic properties of binary octavics. The following material can be found on works of classical algebraic geometers; see Alagna [1] , van Gall [42] or for a modern version one can check [11] . The ring of invariants of binary octavics was also studied by Shioda [41] . However, the syzygies among such SL 2 (k)-invariants described in the Shioda's paper seem to be incorrect. In [37] such SL 2 (k)-invariants J 2 , . . . , J 8 are redefined and the algebraic relations among them determined. Furthermore, G L 2 (k)-invariants t 1 , . . . , t 6 are defined and relation among them determined. Throughout this paper we will make use of these G L 2 (k)-invariants and therefore follow definitions from [37] .
Let f (X, Y ) be the binary octavic
defined over an algebraically closed field k. We define the following covariants:
where the operator (·, ·) n denotes the nth transvection of two binary forms; see [37] among many other references. Then, the following .
There is only one curve in the case when J 2 = · · · = J 6 = 0, namely Y 2 = X 7 − 1. In our discussion in Sect. 5 we will see cases when J 3 = J 5 = J 7 = 0. In this case we will use invariants defined in Eq. (13) .
Since a tuple (t 1 , . . . , t 6 ) uniquely determines the isomorphism class of a curve then we will study the locus of the curves with a fixed automorphism group G in terms of such invariants (t 1 , . . . , t 6 ). The only interesting cases are groups G which have non-hyperelliptic involutions; see [16] or [5] .
To make it easier to state some of the results in the following sections we define the absolute invariants of X as follows
For each case of the above we determine the equation of the moduli space H 3 . For the first case this equation is Eq. (12) . The rest of the cases are described briefly below. The p(X ) determines uniquely the isomorphism class of X .
Computational benefits of these invariants are that they are of small degree and therefore nicer especially when we deal with families of curves and have to compute symbolically. In each case for p(X ) we can compute the equation of the moduli in terms of the corresponding invariants analogous to the T (t 1 , . . . , t 6 ) = 0 as in Eq. (12).
Computing the locus S
Let S denote the locus of genus 3 hyperelliptic curves with elliptic involutions. It follows from the theory of Hurwitz spaces that this is an irreducible 3-dimensional subvariety of H 3 ; see [16, 33] . In [16] it is shown that k(S ) = k(s 2 , s 3 , s 4 ). In this paper, we will give an explicit computational proof of this result and provide a birational parametrization of the locus S . We will outline all the computations and display only those results which are reasonable to display in this paper.
Every genus 3 hyperelliptic curve which has and elliptic involution is isomorphic to a curve with equation as in Eq. (4). The obvious strategy would be to compute the invariants t 1 , . . . , t 6 in terms of a, b, c and then eliminate a, b, c from these equations. This is rather difficult computationally. Since dihedral invariants s 2 , s 3 , s 4 are invariant under coordinate changes in P 1 (k) then we can express t 1 , . . . , t 6 in terms of such invariants as stated in Theorem 1. In the next few paragraphs we describe these computations.
Let X 3 be a genus 3 hyperelliptic curve with equation as in Eq. (4). Notice that from the definitions of the dihedral invariants in Eq. (5) 
We denote by λ := a 2 +c 2 . Then, λ 2 = s 4 +2s 2 2 and λa 2 = (a 2 +c 2 ) a 2 = a 4 +s 2 2 . By changing the coordinate by X → a 2 + c 2 √ a X, we get the curve
Notice that the coefficient of X 4 is
Then, we have the curve with equation 
We will see how this equation will be useful when discussing the field of definition of the curve X 3 . From the Eq. (4) 
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This was also proved in [16] 
as in [37] . The map 
Field of moduli versus field of definition
It is a classical problem in the arithmetic of the algebraic curves to try to find an equation of the curve in terms of the moduli point corresponding to this curve. In other words, this means that given the moduli point p(X ), could we determine an equation for X in terms of the coordinates of p(X ). If an equation of the curve can be found in terms of coordinates of the moduli point we say that the field of moduli is the same with the minimal field of definition. In 2003 the first author conjectured that this would be the case for all hyperelliptic curves with extra involutions [32, 35] . It is true for g = 2 and as we will see next it is true for all genus 3 hyperelliptic curves in p ∈ M b 3 ∩ H 3 such that |Aut (p)| > 2. There have been claims on whether the above conjecture is true or false and some confusion from work of Huggins [18] and Fuertes [13] which seem to come from different definitions of the field of moduli.
Summarizing we have the results of Sect. 4.1 and Eqs. (15) and (16) The above result improves on the bound of the degree of [F : F] ≤ 8 as shown in [19] . It is expected that the field of moduli is a field of definition for all curves X ∈ M b 3 ∩ H 3 . A generalization of methods for g = 2 should provide an algorithm also for g = 3.
Singular locus of S ; classification of strata of the hyperelliptic moduli
In this section we give a classification of the strata of the genus 3 hyperelliptic moduli. The stratum of the hyperelliptic moduli has been known to the classical algebraic geometers. Indeed, it is the only case that was considered fully known even though explicit descriptions were not available even for small genus (i.e., g = 2). On the turn of the new century a couple of papers appeared for the case of genus g = 2; see [14, 40] . For more details on similar topics the reader can check further [4, 21, 23, 24, 29, 30, 34, 39] .
Singular loci in terms of dihedral invariants
Next, we will characterize each one of these loci in terms of the s-invariants. The proof of the following theorem can be found in [16] , where such relations were determined by studying the group action on the invariants s 2 , s 3 , s 4 . Here we give a more computational proof.
2-dimensional strata
There are two 2-dimensional loci in H 3 which correspond to the case when the reduced automorphism group of the curve is isomorphic to V 4 . Indeed, the following is true for any genus g ≥ 2; see [17, Theorem 3] .
Let X g be a genus g hyperelliptic curve with an extra involution, Aut(X g ) its reduced automorphism group, and (s 4 , . . . , s g ) its corresponding dihedral invariants as defined in [17] .
If where r = g−1 2 . The first factor corresponds to the case when involutions of V 4 → Aut(X g ) lift to involutions in Aut (X g ), the second factor corresponds to the case when two of the involutions of V 4 → Aut(X g ) lift to elements of order 4 in Aut (X g ).
In the case of genus g = 3, we have s 1 = s 4 and s g = s 2
2 and the relation becomes s 4 − 2s 2 2 = 0. This gives exactly the cases when the full automorphism group is Z 3 2 . We will verify such fact directly below.
The automorphism group is isomorphic to G
The equation of the curve from 
By transforming the coordinate X as X → √ u X on the curve in Eq. (23) we get
Since this curve has an element of order 4 and therefore a factor of X 4 − 1 thenwhere λ =
